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Abstract—As autonomous systems become more ubiquitous in
daily life, ensuring high performance with guaranteed safety is
crucial. However, safety and performance could be competing
objectives, which makes their co-optimization difficult. Learning-
based methods, such as Constrained Reinforcement Learning
(CRL), achieve strong performance but lack formal safety guaran-
tees due to safety being enforced as soft constraints, limiting their
use in safety-critical settings. Conversely, formal methods such as
Hamilton-Jacobi (HJ) Reachability Analysis and Control Barrier
Functions (CBFs) provide rigorous safety assurances but often
neglect performance, resulting in overly conservative controllers.
To bridge this gap, we formulate the co-optimization of safety
and performance as a robust state-constrained optimal control
problem, where performance objectives are encoded via a cost
function and safety requirements are imposed as state constraints.
We demonstrate that the resultant value function satisfies a
Hamilton-Jacobi-Bellman (HJB) equation, which we approximate
efficiently using a novel physics-informed machine learning frame-
work. In addition, we introduce a conformal prediction-based
verification strategy to quantify the learning errors, recovering a
high-confidence safety value function, along with a probabilistic
error bound on performance degradation. Through several case
studies and hardware experiments, we demonstrate the efficacy
of the proposed framework in enabling scalable learning of
safe and performant controllers for complex, high-dimensional
autonomous systems operating under uncertainty in real-world
environments. The accompanying videos can be found on the
project website: https://tayalmanan28.github.io/robust-piml-soc/.

I. INTRODUCTION

Autonomous systems are becoming increasingly prevalent
across various domains, from self-driving vehicles and robotic
automation to aerospace and industrial applications. Designing
control algorithms for these systems involves balancing two
fundamental objectives: performance and safety. Ensuring high
performance is essential for achieving efficiency and task
objectives under practical constraints, such as fuel limitations
or time restrictions. For instance, a warehouse humanoid
robot navigating to a destination must optimize its route for
efficiency. At the same time, safety remains paramount to
prevent catastrophic accidents or system failures. These two
objectives, however, often conflict, making it challenging to
develop control strategies that achieve both effectively.

A variety of data-driven approaches have been explored
to integrate safety considerations into control synthesis. Con-
strained Reinforcement Learning (CRL) methods [1, 2] employ
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constrained optimization techniques to co-optimize safety
and performance where performance is encoded as a reward
function and safety is formulated as a constraint. These methods
often incorporate safety constraints into the objective function,
leading to only a soft imposition of the safety constraints.
Moreover, such formulations typically minimize cumulative
constraint violations rather than enforcing strict safety at all
times, which can result in unsafe behaviors.

Another class of methods involves safety filtering [3], which
ensures constraint satisfaction by modifying control outputs in
real-time. Methods such as Control Barrier Function (CBF)-
based quadratic programs (QP) [4] and Hamilton-Jacobi (HJ)
Reachability filters [5, 6] act as corrective layers on top of
a (potentially unsafe) nominal controller, making minimal
interventions to enforce safety constraints. However, because
these safety filters operate independently of the underlying
performance-driven controller, they often lead to myopic and
suboptimal decisions. Alternatively, online optimization-based
methods, such as Model Predictive Control (MPC) [7, 8] and
Model Predictive Path Integral (MPPI) [9, 10], can naturally
integrate safety constraints while optimizing for a perfor-
mance objective. These methods approximate infinite-horizon
optimal control problems (OCPs) with a receding-horizon
framework, enabling dynamic re-planning. While effective,
solving constrained OCPs online remains computationally
expensive, limiting their applicability for high-frequency control
applications. The challenge is further exacerbated when dealing
with nonlinear dynamics and nonconvex (safety) constraints,
limiting the feasibility of these methods for ensuring safety
and optimality for real-world systems.

A more rigorous approach to addressing the trade-off
between performance and safety is to formulate the problem
as a state-constrained optimal control problem (SC-OCP),
where safety is explicitly encoded as a hard constraint, while
performance is expressed through a reward (or cost) function.
While theoretically sound, characterizing the solutions of SC-
OCPs is challenging unless certain controllability conditions
hold [11]. To address these challenges, [12] proposed an
epigraph-based formulation, which characterizes the value
function of an SC-OCP by computing its epigraph using
dynamic programming, resulting in a Hamilton-Jacobi-Bellman
Partial Differential Equation (HJB-PDE). The SC-OCP value
function as well as the optimized policy are then recovered
from this epigraph. However, dynamic programming suffers
from the curse of dimensionality, making it impractical for high-
dimensional systems with traditional numerical solvers [13, 14].
Furthermore, the epigraph formulation itself increases the prob-
lem’s dimensionality, exacerbating computational complexity
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further. Many techniques for speeding up the computation of
solutions to the HIB PDE put restrictions on the type of system
allowed [15]. However, solving the HIB PDE for general
nonlinear systems remains a key challenge.

Recent advances in Deep Learning have enabled the de-
velopment of physics-informed machine learning approaches
[16, 17] for solving partial differential equations (PDEs) with
neural networks. These methods have demonstrated notable
effectiveness in addressing high-dimensional PDEs while
ensuring that the learned solutions adhere to the governing
physical laws. In particular, DeepReach [18] proposes a
framework for solving Hamilton—Jacobi—Bellman (HJB) PDEs
in safety-critical settings using physics-informed machine
learning. However, its exclusive focus on safety neglects
performance considerations, resulting in overly conservative
control strategies.

A. Contributions and Outline

In this work, we propose a novel algorithmic approach
to co-optimize safety and performance for high-dimensional,
real-world autonomous systems. Specifically, we formulate the
problem as a Robust SC-OCP and leverage the epigraph formu-
lation in [12]. To efficiently solve this epigraph formulation, we
leverage physics-informed machine learning [19, 20] to learn a
solution to the resultant HIB-PDE by minimizing PDE residuals.
This enables us to efficiently scale epigraph computation
for higher-dimensional autonomous systems, leading to safe
and performant policies. To ensure reliable deployment, we
introduce a conformal prediction-based safety verification
strategy that provides high-confidence probabilistic safety
guarantees for the learned policy, thereby mitigating the
impact of learning errors on safety. In addition, we develop a
performance quantification framework that leverages conformal
prediction to compute high-confidence probabilistic bounds on
performance degradation.

Section II presents the problem formulation for co-optimizing
safety and performance. It then introduces the epigraph refor-
mulation, which converts the original co-optimization problem
into a more tractable two-stage optimization framework. Finally,
the section derives the associated HIB-PDE conditions that
must be satisfied to obtain a solution to the co-optimization
problem.

Section Il details our preliminary work presented at
International Conference on Machine Learning [21], which
examines the safety-performance co-optimization problem in an
idealized setting where the system dynamics are assumed to be
known exactly and no disturbances are present, including those
arising from adversarial agents, sensor noise, or modeling errors.
In this section, we also introduce a receding-horizon execution
strategy, not included in the preliminary work, which enables
the learned policy to be deployed over time horizons longer
than those used during training. Through three case studies,
we showcase the effectiveness of the proposed approach in
co-optimizing safety and performance while remaining scalable
to complex, high-dimensional systems.

In practice, robotic systems rarely operate in disturbance-free
environments. Disturbances may arise from multiple sources,
including modeling inaccuracies, adversarial agents, and sensor
noise. Addressing this limitation, Section IV introduces a
new extension to disturbance-aware settings, which is not
considered in the preliminary work and constitutes the primary
novel contribution of this evolved paper. Through two case
studies involving disturbances generated by different sources,
we demonstrate that the proposed framework can effectively
co-optimize safety and performance under uncertainty. This
highlights the practical applicability of the approach for real-
world autonomous systems. To further validate this claim,
we conduct hardware experiments, the results of which are
presented in Section V. These experiments demonstrate that
the proposed method transfers successfully to hardware and
can be deployed on real-world autonomous platforms.

II. PROBLEM SETUP

Consider a nonlinear dynamical system characterized by the
state x € X C R", control input v € Y C R™, and disturbance
d € D C R¥ (which may arise from multiple sources, including
modeling inaccuracies, adversarial agents, and sensor noise)
governed by the dynamics &(t) = f(x(t), u(t),d(t)), where
the function f : R® x R™ x RF — R™ is locally Lipschitz
continuous. In this work, we assume that the dynamics model
f is known. However, an accurate model is not required; a
nominal model, typically available in practice, is sufficient,
with model inaccuracies accounted for as disturbances.

We are given a failure set 7 C X’ that represents the set of
unsafe states for the system (e.g., obstacles for an autonomous
ground robot). The system’s performance is quantified by the
cost function C(t, z,u,d), given by:

T
z(s)) ds + ¢p(x(T)),

C(t, 2(t),u,d) = / )

s=t

where | : X — Ryp and ¢ : X — Ry are Lipschitz
continuous and non-negative functions, representing the running
cost over the time horizon [t,T') and the terminal cost at time
T, respectively. u : [t,T) — U is the control signal applied
to the system and d : [¢,7) — D is the disturbance of the
system. Using this premise, we define the main objective of
this paper:

Objective 1. We aim to synthesize an optimal policy
7 : [t,T) x X — U that minimizes the cost function C
while ensuring that the system remains outside the failure
set F at all times despite the worst-case disturbance.

A. Robust State-Constrained Optimal Control Problem

To achieve the stated objective, the first step is to encode
the safety constraint via a function g : R™ — R such that,
F :={z € X | g(z) > 0}. Using these notations, the objective
can be formulated as the following Robust State-Constrained
Optimal Control Problem (RSC-OCP) to compute the value
function V:



Problem 1 (Robust State-Constrained OCP).

a7
V(t,z(t)) = m&n méxx/t l(z(s))ds + ¢(x(T))

st. = f(x,u,d),
g(z(s)) <0 Vselt,T]

@

This RSC-OCP enhances the system’s performance by mini-
mizing the cost, while maintaining system safety through the
state constraint, g(z) < 0, ensuring that the system avoids the
failure set, F. Thus, the policy, 7*, derived from the solution
of this RSC-OCP co-optimizes safety and performance.

B. Epigraph Reformulation

Directly solving the RSC-OCP in (2) presents significant
challenges due to the presence of (hard) state constraints. To
address this issue, we reformulate the problem in its epigraph
form [22], which transforms the constrained optimization
into a more tractable two-stage optimization problem. This
reformulation allows us to efficiently obtain a solution to the
RSC-OCP in (2). The resulting formulation is given by:

V(t,z(t)) :znel]%%q z 4
s.t. V(t,x, z) <0,

where z is a non-negative auxiliary optimization variable, and
V represents the auxiliary value function. Here, V' is defined
as [12]:

V(t,z(t), z) = min max max{C(t, z(t),u,d) — z,

O

max
s€[t,T]

Note that if V(t,z, z) < 0, it implies that g(z(s)) < 0 for all
s € [t,T] . In other words, the system must be outside the
failure set at all times; therefore, the system is guaranteed to
be safe whenever V (¢, x, z) < 0.

In this reformulated problem, state constraints are effectively
eliminated, enabling the use of dynamic programming to
characterize the value function, as we explain later in this
section. Intuitively, optimal z (z*) can be thought of as
the minimum permissible cost the policy can incur without
compromising on safety. From Equation 3, it can be inferred
that if z > z*, the safety constraint dominates in the max term,
resulting in a conservative policy. Conversely, if z < z*, the
performance objective takes precedence, leading to a potentially
aggressive policy that might compromise safety.

Furthermore, to facilitate solving the epigraph reformulation,
z can be treated as a state variable, with its dynamics given by
2(t) = —I(x(t)). This implies that as the trajectory progresses
over time, the minimum permissible cost, z, decreases by the
step cost [(x) at each time step. This allows us to define an
augmented system that evolves according to the following
dynamics:

_ {f(tx,u,d)} 7 )

&= flt, & u,d) = )

where & := [z, 2]T represents the augmented state. With the
augmented state representation and under assumptions Al1-A4
of [12]:

(i) f(t,x,u,d) € R? is continuous,

where (t,z,u,d) € [0, T] xRYxU xD,
(i7) 3L > 0, Yo,y € R, W(u,d) € UxD,
Vi, s € [0,T), |f(t, z,u,d) — f(s,y,u,d)]|
< Ll —y[ + [t — s)).

(A1) :

(6)

(i) €(t,x,u,d) € R is continuous,

where (t,7,u,d) € [0, T]| xRIxU XD,
(i) 3L > 0, Ya,y € RY, Y(u,d) € UxD,
Vt, s €10, T], |(t,z,u,d) — £(s,y,u,d)|
< Llz =yl + [t = s]).

(A3) : (7)

(A%) - ¢ : RY = R is Lipschitz continuous. 8)

The following convexity assumption on f will be considered:
(AL :V(t,z,d), f(t,x,U,d) is a convex set. )

The auxiliary value function V (¢, z(t),z(t)) is a unique
continuous viscosity solution satisfying the following Hamil-
ton—Jacobi—Isaacs Variational Inequality (HJI-VI):

min(—@tV—m&n max(VsV (1,2, f(#,u,d)), V—g(m)) =0,
(10)

YVt € [0,T) and & € X xR, where (-, -) denotes the dot product
of vectors. The boundary condition for the PDE is given by:

(11)

Note that by a slight abuse of notations, we have replaced the
arguments x, z for V' with the augmented state 2.

V(T, %) = max (¢(z(T)) — z,9(x)), T€X xR

III. SAFE AND OPTIMAL CONTROL WITHOUT
DISTURBANCES

When there are no disturbances, we need to solve the
following SC-OCP:

Problem 2 (State-Constrained OCP).

u

T
V(t,z(t)) = min/ I(2(s))ds + ¢(x(T))
' (12)

s.t. @ = f(z,u),
g(xz(s)) <0 Vselt,T]

To solve the SC-OCP in Equation (12), we aim to compute
the optimal value function V', which minimizes the cost while
ensuring system safety. In this section, we outline a structured
approach: first, we learn the auxiliary value function 14 using
a physics-informed machine learning framework. Then, we
apply a conformal prediction-based method to verify safety



and correct for potential learning errors in V. The final value
function V is obtained from the safety-corrected 1% using the
epigraph formulation in (3). Lastly, we assess the performance
of V through a second conformal prediction procedure. The
majority of this section is taken from [21]. Figure 1 gives an
overview of the proposed approach. The following subsections
provide a detailed explanation of each step, beginning with the
methodology for learning V.

A. Training the Auxiliary Value Function (V)

The auxiliary value function, V satisfies the HJB-PDE
in Equation (10), as discussed in Section II-B. Traditionally,
numerical methods are used to solve the HIB-PDE over a
grid representation of the state space [13, 26], where time
and spatial derivatives are approximated numerically. While
grid-based methods are accurate for low-dimensional problems,
they struggle with the curse of dimensionality — their compu-
tational complexity increases exponentially with the number
of states — limiting their use in high-dimensional systems. To
address this, we adopt a physics-informed machine learning
framework, inspired by [18], which has proven effective for
high-dimensional reachability problems.

The solution of the HIB-PDE inherently evolves backward
in time, as the value function at time ¢ is determined by its
value at ¢ + At. To facilitate neural network training, we use a
curriculum learning strategy, progressively expanding the time
sampling interval from the terminal time [T, T to the full time
horizon [0, 7. This approach allows the neural network to first
accurately learn the value function from the terminal boundary
conditions, subsequently propagating the solution backward in
time by leveraging the structure of the HIB-PDE.

Specifically, the auxiliary value function is approximated by
a neural network, Vg, where 6 denotes the trainable parameters
of the network. Training samples, (¢, T, Zk);]cV:l, are randomly
drawn from the state space based on the curriculum training
scheme. The proposed learning framework utilizes a loss
function that enforces two primary objectives: (i) compliance
with the PDE in (10), using the PDE residual error given by:

Lpae (b, @410) = || min { =0,V (th, 1) — H(ty, ),

. 13)
Vo (b ) = g (e

where H(t,2) = min,ey (VVp(t, 2), f(#,u)) and (ii) sat-
isfaction of the boundary condition in (11), using boundary
condition loss, given by:

Ly (tr, Tx|0) = [max (¢p(zr) — 2k, g(21)) —

N 14
toa|te=1). Y

These terms are balanced by a trade-off parameter )\, leading

to the overall loss function:
L (tg, 2k|0) = Lpde (tr, £x|0) + ALpe (tr, Tx|0) (15)

Furthermore, we use the adaptive loss re-balancing scheme
proposed in [27] to reduce the impact of A on the learned value

Algorithm 1 Safety Verification using Conformal Prediction

Require: S, Ng, (s, €s, Vg(:%,O), f/}re (,0), M (number of
levels to search for §),
: Do < Sample N IID states from Ss—o
: (50 — minijepo{‘/:g(o, JA}]) : Vﬁ—e (0, JA}]) > 0}
: €p + (19) (using as—o)
A < Ordered list of M uniform samples from [, O]
for i =0,1,....,.M — 1 do
while ¢; < ¢, do
Update oy, from §;
€; < (19) (using ay,)

R A A ol S

—
(=]

. return § < §;

function. Minimizing the overall loss function provides a self-
supervised learning mechanism to approximate the auxiliary
value function.

B. Safety Verification

The learned auxiliary value function, Vg, induces a policy, 7y,
that minimizes the Hamiltonian term H (¢, &) in the HIB-PDE.
The policy is given by:

o(t, &) = argmin(VVy(t, ), f (&, u)). (16)
ue
The rollout cost corresponding to this policy is defined as:

g(@(s))}
u=mg
(17)
Ideally, the rollout cost from a given state under 7y should
match the value of the auxiliary value function at that state.
However, due to learning inaccuracies, discrepancies can arise.
This becomes critical when a state, ;, is deemed safe by the
auxiliary value function (Vg(t, #) < 0) but is unsafe under the
induced policy (Vz, (t,2) > 0). To address this, we introduce a
uniform value function correction margin, J, which guarantees
that the sub-d level set of the auxiliary value function remains
safe under the induced policy. Mathematically, the optimal §
(6*) can be expressed as:

Vi, (t, 2) = max{C(t, z(t),u) — z, max
s€(t,T)

§* := min{Vy(0,) : V&,(0,2) > 0} (18)
TEX

Intuitively, 6* identifies the tightest level of the value function
that separates safe states under 7y from unsafe ones. Hence,
any initial state within the sub-0* level set is guaranteed to
be safe under the induced policy, 7;. However, calculating
0* exactly requires infinitely many state-space points. To
overcome this, we adopt a conformal-prediction-based approach
to approximate 0* using a finite number of samples, provid-
ing a probabilistic safety guarantee. The following theorem
formalizes our approach:

Theorem III.1 (Safety Verification Using Conformal Predic-
tion). Let Ss be the set of states satisfying %(0, z) <4, and
let (0,%;)i=1,...N, be Ny i.id. samples from S5. Define as as
the safety error rate among these Ny samples for a given §
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Safe & Vo(t,z) = min =z

z€RT

st Vo(t,a,2) <0

Performant
Policy

mo(t,x) = argmin(VVg(h2*),f(:%*,u))

Fig. 1: Overview of the proposed approach: The methodology is organized into four steps. The first step involves training the auxiliary
value function, Vp, using a physics-informed machine learning framework. The second step applies a conformal prediction approach for
safety verification of the learned Vjy. In the third step, the final value function Vj and the optimal safe and performant policy 7y are inferred.
The fourth step quantifies the performance of Vj, through a second conformal prediction procedure.

level. Select a safety violation parameter ¢, € (0,1) and a
confidence parameter B € (0,1) such that:

-1
N . _

Z ( . )6;(1 - GS)NS_Z < 6&
(3

1=0

where | = | (Ns + 1)as|. Then, with the probability of at least
1 — B, the following holds:

19)

IPW@MS@E%Q. (20)

TESs
The proof is available in Appendix VII-A. The safety error
rate o is defined as the fraction of samples satisfying Vo <6
and Vﬁ—e > 0 out of the total Ny samples.
Algorithm 1 presents the steps to calculate § using the
approach proposed in this theorem.

C. Obtaining Safe and Performant Value Function and Policy
from Vy

Using the d-level estimate from Algorithm (1), we can finally
obtain the safe and performant value function, Vp(t,z), by
solving the following epigraph optimization problem:

Vo(t,x) = min z
z€R+

. 2D
s.t. Vp(t,x,2z) < 0.

Note that Vp(t,x) is trivially oo for the states where
Vo(t,x,z) > 6, since such states are unsafe and hence do
not satisfy the safety constraint.

In practice, we solve this optimization problem by using
a binary search approach on z. The resulting optimal state-

Algorithm 2 Performance Quantification using Conformal
Prediction
Require: S*, N, 8, Vo(z,0), V,(z,0)

1: D < Sample N, IID states from{z : z € S*}

2: fori=0,1,...,N, —1do

3: P; + pi(O, D)

4: P <+ P sorted in decreasing order
&%emﬁ,%e%,mem)

6: fori=0,1,...,N, —1do

7: while ¢; < ¢, do

8: %eﬁ%,m%a,qem)

9: return v < 1;

feedback control policy, w9 : X x [t,T) — U, satisfying
Objective (1), is given by:

mo(t, ) = argmin(VVp(t,3%), F(*u)),  (22)

where £* is the augmented state associated with the optimal
2* obtained by solving (21), i.e., #* = [z, z*]T. Intuitively, we
can expect my to learn behaviors that best tradeoff the safety
and performance of the system.

D. Performance Quantification

In general, the learning inaccuracies in the auxiliary value
function Vg, may lead to errors in the value function Vj. These
errors, in turn, can lead to performance degradation under
policy my.

To quantify this degradation, we propose a conformal
prediction-based performance quantification method that pro-
vides a probabilistic upper bound on the error between the
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Fig. 2: This figure presents a comparative study between all the methods based on our evaluation metrics. The top plot illustrates the mean
percentage increase in cumulative cost relative to our method for each baseline, demonstrating that our approach consistently incurs lower
costs, with the gap widening as system complexity grows. The bottom plot depicts the safety rates, showing that our method maintains a
100% safety rate, while baselines that encourage safety rather than enforcing it (like MPPI and C-SAC) achieve lower rates. MPPI-CBF also
attains 100% safety but at the expense of performance. Overall, our method uniquely balances both safety and performance, whereas the

baselines compromise on at least one aspect.

value function and the value obtained from the induced policy.
The following theorem formalizes our approach:

Theorem IIL.2 (Performance Quantification Using Confor-
mal Prediction). Suppose S* denotes the safe states satis-
fring Vy(0,2) < oo (or equivalently Vy(0,2*) < &) and
(0,24)i=1,...n, are N, iid. samples from S*. For a user-

[(Np+1)(1—ap)]

specified level o, let 1) be the ~ th quantile
of the scores (p; := ‘VQ(O’I%LZ"(OM)')i:1,...,N,, on the N
state samples. Select a violation parameter €, € (0,1) and a

confidence parameter (3, € (0,1) such that:

N ‘
> ( ip> el =) < By

=0

(23)
where, | = | (N, + 1)ay]. Then, the following holds, with
probability 1 — B,:

P ‘VG(O?xZ) 7Vﬂ9(07xi)|
rES* Cmam

< w) >1-¢. (24

where C,q. is a normalizing factor and denotes the maximum
possible cost that could be incurred for any r € S*.

The proof is available in Appendix VII-B. Note that C,,q4
can be easily calculated by calculating the upper bound of the
cost function C(¢, z(t), u)Ve € S*.

Intuitively, the performance of the resultant policy is the best
when the 1) value approaches 0, while the worst performance
occurs at ¢ = 1. Algorithm 2 presents the steps to calculate v
using the approach proposed in this theorem.

E. Numerical Simulations

The objective of this paper is to demonstrate the co-
optimization of performance and safety. To achieve this,
we evaluate the proposed method and compare them with
baselines using three metrics: (1) Cumulative Cost: This metric
represents the total cost fOT l(z(s))ds+ ¢(x(T)), accumulated
by a policy over the safe trajectories. (2) Safety Rate: This
metric is defined as the percentage of trajectories that remain
safe, i.e., never enter the failure region J at any point in time.
(3) Computation Time: This metric compares the offline and
online computation times of our method and the baselines.

Baselines: We consider two categories of baselines: the first
set of methods aims to enhance the system performance (i.e.,
minimize the cumulative cost) while encouraging safety, en-
compassing methods such as Lagrangian-based CRL algorithms
like SAC-Lagrangian (SAC-Lag), PPO-Lagrangian (PPO-Lag)
[28, 29] and Model Predictive Path Integral (MPPI) [9]
algorithms. The second category prioritizes safety, potentially
at the cost of performance. This includes Constrained Policy
Optimization (CPO) [2] and safety filtering techniques such
as Control Barrier Function (CBF)-based quadratic programs
(QP) [4] that modify a nominal, potentially unsafe controller
to satisfy the safety constraint.

F. Efficient and Safe Boat Navigation

In our first experiment, we consider a 2D autonomous boat
navigation problem, where a boat with coordinates (xy, ys)
navigates a river with state-dependent drift to reach an island.
The boat must avoid two circular boulders (obstacles) of
different radii, which corresponds to the safety constraint in the
system (see Fig. 3). The cost function penalizes the distance
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Fig. 3: Trajectories from two distinct initial states are shown, with dark
grey circles representing obstacles and the green dot indicating the
goal at [1.5, 0]” . Notably, our method is the only one that successfully
approaches the goal while adhering to safety constraints.

to the goal. The system state, x, evolves according to the
dynamics:

z= [z, & =[ur+2- 0557 us] (25

where [ug, us] are the bounded control inputs in the x;, and y,
directions, constrained by the control space U = {[uy,us] €
R? | ||[u1,us2]]] < 1}. The term 2 — 0.5y7 introduces a
state-dependent drift, complicating the control task as the
actions must counteract the drift while ensuring safety, which
is challenging under bounded control inputs. The rest of the
details about the experiment setup can be found in the Appendix
VIII-A.

Safety Guarantees and Performance Quantification: We
use N; = 300K and N, = 300K samples for thorough
verification, ensuring dense state space sampling. For this
experiment, we set ¢, = 0.001 and 5 = 1010, resulting in
a d-level of 0. This implies that, with 1 — 1010 confidence,
any state with Vg(t,x,z) < 0, is safe with at least 99.9%
probability. For performance quantification, we set ¢, = 0.01
and 3, = 10719, leading to a t-level of 0.136. This ensures,
with 1—1071° confidence, that any state in S* has a normalized
error between the predicted value and the policy value of less
than 0.136 with 99% probability. Low d and ¢ values with high
confidence indicate that the learned policy closely approximates
the optimal policy and successfully co-optimizes safety and
performance.

Baselines: This being a 2-dimensional system, we compare
our method with the ground truth value function computed by
solving the HIB-PDE numerically using the Level Set Tool-
box [13] (results in Appendix VIII-Al). Additional baselines
include: (1) MPPI, a sample-based path-planning algorithm
with safety as soft constraints, (2) MPPI-NCBF, where safety
is enforced using a Neural CBF-based QP with MPPI as the

Fig. 4: Trajectories from two distinct initial states are depicted,
with dark grey circles representing obstacles and purple trajectories
indicating the evader’s path, with arrows showing its direction of
motion. Our method successfully tracks the evader while avoiding
collisions, whereas all other methods either fail to maintain safety,
struggle to track the evader or both

nominal controller [30, 31], and (3) Constrained RL methods
like SAC-Lag, PPO-Lag, and CPO.

Comparative Analysis: Figure 3 shows that our method
effectively reaches the goal while avoiding obstacles, even
when starting close to them. In contrast, MPPI and CRL-based
policies fail to maintain safety, while MPPI-NCBF ensures
safety but performs poorly (leading to very slow trajectories).
Figure 2 highlights that our method outperforms all others. SAC-
Lag attains a mean cost that is 7.5% higher than ours, while
exhibiting the lowest safety rate at 76%. The remaining CRL
methods display comparable trends, highlighting their inability
to jointly optimize for safety and performance. MPPI, with a
more competitive safety rate of 89%, performs poorly with a
32.67% higher mean cost. MPPI-NCBF achieves 100% safety
but performs significantly worse, with a 50.72% higher mean
cost. Additionally, CBF-based controllers sometimes violate
control bounds, limiting their applicability. This demonstrates
that our method balances safety and performance, unlike others
that compromise on one aspect. Moreover, the 100% safety
rate of our method aligns closely with at least 99.9% safety
level that we expect using our proposed verification strategy,
providing empirical validation of the safety assurances.

G. Pursuer Vehicle tracking a moving Evader

In our second experiment, we consider an acceleration-driven
pursuer vehicle, tracking a moving evader while avoiding
five circular obstacles (see Fig. 4). This experiment involves
an 8-dimensional system, with the state x defined as z =

T
[Zp, Yp: U, ©, Te, Ye, Ve, Uye] ", Where zp, yp, v, © represent the
coordinates, linear velocity, and orientation of the pursuer vehi-
cle, respectively, and @, Ye, Vge, Uye represent the coordinates
and linear velocities of the evader vehicle. The pursuer vehicle



is controlled by linear acceleration (u;) and angular velocity
(uz). The control space is U = {[u1,us] € [—2,2]?}. The
complexity of this system stems from the dynamic nature of the
goal, along with the challenge of ensuring safety in a cluttered
environment, which in itself is a difficult safety problem. More
details about the experiment setup are in Appendix VIII-B.

Safety Guarantees and Performance Quantification:
Similar to the previous experiment, we set Ny = N, = 300k.
We choose €, = 0.01 and 3s = 10719, yielding a §-level of
—0.04 and a safety level of 99% on the auxiliary value function.
For performance, we set €, = 0.01 and 3, = 10717, leading
to a -level of 0.137. These values indicate the learned policy
maintains high safety with low-performance degradation in this
cluttered environment.

Baselines: As in the previous experiment, we employ
MPPI and CRL methods (SAC-Lag, PPO-Lag, and CPO). For
safety filtering, we utilize a QP based on the collision cone
CBF (C3BF) [32], chosen for its effectiveness in managing
acceleration-driven systems.

Comparative Analysis: Figure 4 shows that our method
effectively tracks the moving evader while avoiding obstacles,
even when starting close to them. In contrast, other methods
have limitations: MPPI and CRL methods attempt to follow
the evader but fail to maintain their pace, violating safety con-
straints, while MPPI-C3BF sacrifices performance to maintain
safety. Figure 2 highlights our method’s superior performance
in balancing safety and performance. MPPI achieves the best
performance among the baselines but with an 18% higher mean
cost and only a 72% safety rate. MPPI-NCBF ensures 100%
safety but has a 42% higher mean cost. SAC-Lag underperforms
both in safety (66% safety rate) and performance (101% higher
mean cost). A similar trend is evident across all other CRL
methods, indicating their difficulty in co-optimizing safety and
performance in high-dimensional, complex systems.

Our Method . Evader Trajectory
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Fig. 5: Trajectories of the receding horizon policy for the pursuer
tracking an evader over a 6-second horizon, while the value function
is trained over a 1-second horizon. The results demonstrate that the
pursuer successfully tracks the evader while ensuring safety, even
when initialized near the obstacle. This highlights the effectiveness of
the proposed approach in jointly optimizing safety and performance
for long-horizon tasks.

Receding Horizon Control: An interesting application of
the synthesized policy is its deployment in a receding horizon
fashion over a time horizon longer than that used for training
the value function, as illustrated in Fig. 5. The results indicate
that the learned policy successfully maintains safety while
effectively tracking the evader over a 6-second horizon, despite
being trained over a horizon of 1 second. This suggests that the
proposed approach can be extended to effectively co-optimize
safety and performance for long-horizon tasks by solving the
SC-OCP over a shorter time horizon. This approach therefore
enables practical deployment in real-world autonomous systems
that require long-horizon safety and performance guarantees,
as validated by the hardware experiments in Section V.

H. Multi-Agent Navigation

In our third experiment, we consider a multi-agent set-
ting where each of the 5 agents, represented by z; =
[Za;, Yas» Tg,, Yg, ), tries to reach its goal while avoiding col-
lisions with others. (z,,,yq,) denote the position of the ith
agent, while (z4,,y,,) represent the goal locations for that
agent. The system is 20-dimensional, with each agent controlled
by its « and y velocities. The control space for each agent
is Uy = {[va,,vy,] | [[[Ves, vy, ]]] < 1}. The complexity of
this system stems from the interactions and potential conflicts
between agents as they attempt to reach their goals while
avoiding collisions. The rest of the details about the experiment
setup can be found in Appendix VIII-C.

Safety Guarantees and Performance Quantification: We
set Ny = N, = 300k, €, = 0.001, and 3, = 10717, resulting
in a d-level of —0.09 with safety assurance of 99.9% for the
auxiliary value function. For performance quantification, we
set ¢, = 0.01 and B, = 10710, leading to a v-level of 0.068.
It is evident that the § and ¢ values remain very low with
high confidence, highlighting the effectiveness of our method
in co-optimizing safety and performance for high-dimensional,
multi-agent systems.

Baselines: Similar to previous experiments, we have used
MPPI, SAC-Lag, PPO-Lag, CPO, and MPPI-NCBF as our
baselines for this experiment too.

Comparative Analysis: Figure 6 shows that our method
ensures long-horizon safety while enabling all agents to
reach their goals without collisions. In contrast, the base-
line methods either exhibit overly conservative behavior or
fail to maintain safety, leading to collisions, as detailed
in Appendix VIII-C1. Figure 2 demonstrates the superior
performance of our approach, with MPPI, MPPI-NCBF, and
SAC-Lag showing mean percentage cost increases of 148%,
192%, and 164%, respectively. Although MPPI and MPPI-
NCBF achieve competitive safety rates of 90% and 100%, their
significant performance degradation highlights their inability to
balance safety and performance in complex systems. MPPI’s
subpar performance stems from its reliance on locally optimal
solutions in a finite data regime, leading to several deadlocks
along the way and overall suboptimal trajectories over a long
horizon. Furthermore, CRL methods struggle with both safety
and performance, further demonstrating their limitations in
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Fig. 6: Snapshots of multi-agent navigation trajectories at different times using the proposed method. Agents are represented as circles with
radius R, indicating the minimum safe distance they must maintain from each other. Smaller dots mark their respective goals. The trajectories
show that agents proactively maintain long-horizon safety by adjusting their paths to avoid close encounters, rather than enforcing safety
reactively, which could lead to suboptimal behaviors. Finally, the agents reach their respective goals within the specified time horizon.

handling increasing system complexity and dimensionality.
These results confirm our method’s ability to co-optimize safety
and performance in high-dimensional systems, demonstrating
its scalability. Additionally, the safety guarantees hold in the
test samples, validating the scalability of our safety verification
framework for multi-agent systems.

1. Computation time Analysis

Figure 7 presents a comparative analysis of the offline
and online computation times for our method against the
baselines. While traditional grid-based methods suffer from
an exponentially scaling computational complexity (and are
completely intractable for the 8D Evader Chasing and 20D
Multi-Agent case studies), the proposed method scales much
better with the system dimensionality. For example, the
computation time increases only minimally from the 2D system
to the 8D system, thanks to neural network parallelization.
Similarly, the computation time increases sublinearly from
8D to 20D system. This scalability is a key advantage of the
proposed approach. We finally note that while offline training
requires time, our method achieves real-time inference speeds,
with optimal policy computed in just 2ms across all systems,
making the approach highly suitable for real robotic systems.

IV. SAFE AND OPTIMAL CONTROL WITH DISTURBANCES

While the preceding framework offers a principled means to
co-optimize safety and performance in deterministic settings,
real-world autonomous systems seldom operate without un-
certainty. Such uncertainties may arise from imperfect state
information, external disturbances, or other unmodeled effects,
and their presence substantially complicates the co-optimization
process by necessitating explicit reasoning about uncertainty.
To address this challenge, we extend our analysis to the RSC-
OCP introduced in Problem 1, which incorporates disturbances
directly into the problem structure. This transition naturally
guides us toward the primary objective of this work, as
articulated in Objective 1. A tractable solution to the RSC-OCP
equips our methodology with robustness to uncertainty, thereby
enhancing its suitability for real-world deployment.

To solve the RSC-OCP in Equation (2), our goal is to
compute the optimal robust value function V., which minimizes
the cost while ensuring system safety, despite the worst-
case uncertainty. The theoretical background required for
this formulation, together with its epigraph reformulation, is
provided in Section II. Building on this foundation, we now
present a systematic procedure for computing V..

In the subsections that follow, we proceed in a structured
manner. We first construct the robust auxiliary value function
v, using a physics-informed machine learning framework. We
then apply a disturbance-aware conformal prediction procedure
to certify safety and mitigate approximation errors in the
learned auxiliary value function V,. The resulting safety-
refined approximation is subsequently mapped to the final
value function V,. via the epigraph formulation in (3). Finally,
we assess the performance of the resulting value function using
a modified conformal prediction—based evaluation method that
accounts for disturbances.

A. Training the Robust Auxiliary Value Function ( VT )

The robust auxiliary value function, Vr, is learned using the
same curriculum training scheme as described in the previous
section. The DNN architectures and training details are the same
as in the previous section. The proposed learning framework
utilizes a loss function that enforces two primary objectives:
(i) compliance with the PDE in (10), using the PDE residual
error given by:

Lpae (b, 2416) = || min { =0,Vp (tr, 4) — H (b, 31), o6

Vo (te, o) — g (xk)} B

where H(t,#) = minyey maxgep(VVy(t, 2), f(&,u,d))
and (ii) satisfaction of the boundary condition in (11), using
boundary condition loss, given by:

Lye (tr, Tk|0) = ||max (¢p(2x) — 21, g(7r)) —

. 27
%(tk,:i'k)H]l(tk:T). @7

The key difference compared to no-uncertainty case is that
the Hamiltonian now involves solving a min-max problem,
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Fig. 7: This figure presents a comparative analysis of all methods based on online and offline computation time evaluated on the same
computing machine. The top plot illustrates the offline computation time for our method and the baselines. Since our method and SAC-Lag
involve training value functions, they incur higher offline computation costs, whereas MPPI-based methods require no offline training. The
bottom plot depicts the online computation time, demonstrating that our method and SAC-Lag have minimal online computation requirements,
whereas MPPI-based methods exhibit significantly higher online computational costs.

resulting in a robust value function. The two loss terms are
balanced by a trade-off parameter A, leading to the overall loss
function:

L (tr, Zx|0) = Lpde (tr, Tx|0) + Ay (tr, T1|6) (28)

Furthermore, we use the adaptive loss re-balancing scheme
proposed in [27] to reduce the impact of A on the learned value
function. Minimizing the overall loss function provides a self-
supervised learning mechanism to approximate the auxiliary
value function.

B. Safety Verification

The learned auxiliary value function, Vp, induces a policy, 7y,
that minimizes the Hamiltonian term H (¢, %) in the HIB-PDE.
The policy is given by:

7o(t,2) = argmmmaX(VVg(t ), f(&,u,d)).

wel d 29

The disturbance policy induced by the learned value function
is given by:

Fa(t, ) = argmaxmin(VVp(t, &), f(&,u,d)).

deD ueld (30)

The rollout cost corresponding to this policy is defined as:
Vi (t,2) = max {C(t, 2(t),u,d) —
max g(z(s)) }

s€[t,T]

€1V

u=mg,
d=#q

As in the no-disturbance case, discrepancies between the
auxiliary value function and rollout cost can lead to states that
are incorrectly classified as safe. To account for this, we intro-
duce a uniform correction margin § such that the sub-§ level set
of Vy remains safe under the induced policy. In the disturbance
setting, the rollout cost is evaluated under the learned control

Algorithm 3 Safety Verification using Conformal Prediction

Require: S, Ny, 3, €, Vg(:r 0), V,,e (z,0), M
1: Do « Sample N, IID states from Ss—¢
(50 < mlnijepo {%(O,QTJ) : V;re(O,xj) Z O}
€0 < (32) (using as—q)
A + Ordered list of M uniform samples from [dg, 0]
for; =0,1,...,.M — 1 do
while ¢; < ¢, do
Update a5, from §;
€; + (32) (using ay,)
return 6 < §;

R A A o

—
4

policy together with the induced disturbance policy. Since the
exact margin is intractable to compute, we approximate it using
conformal prediction, yielding probabilistic safety guarantees.
The following theorem formalizes our approach:

Theorem IV.1 (Safety Verification Under Induced Distur-
bances). Consider a system with the induced rollout cost ‘A/;re
evaluated under both the learned control policy 79 and the
induced disturbance policy 7tq, as defined in (31). Let Ss be the
set of states satisfying Vg(O7 &) <6, and let (0,2;)i=1,... N, be
Ny i.i.d. samples from Ss. Define a5 as the safety error rate
among these Ny samples for a given § level. Select a safety
violation parameter e¢5 € (0,1) and a confidence parameter
Bs € (0,1) such that:

-1
> (j\l.fs)ei(l —e)N T < By,

=0

(32)

where | = | (N + 1)as |. Then, with the probability of at least



Algorithm 4 Performance Quantification using Conformal
Prediction
Require: S*, N, B, Vy(z,0), V,(z,0)
1: D < Sample N, IID states from {z : x € S*}

for:=0,1,...,N, —1do

Pi — Pi (O, D)
P + P sorted in decreasing order
Qp < ﬁ, ’Qbo «— Py, ¢g + (36)
for i =0,1,...,N, —1do

while ¢; < ¢, do

ap « wor Vi ¢ Pi e+ (30)

IS N A

9: return v < ;

1 — Bs, the following holds:

B (0 <0) 21-c

(33)

The proof is available in Appendix VII-C. The safety error
rate o5 is defined as the fraction of samples satisfying Vo <6
and Vﬁ-e > 0 out of the total Vg samples. Algorithm 3 presents
the steps to calculate ¢ using the approach proposed in this
theorem.

Nature of the robust guarantee: Unlike the deterministic
setting where the conformal guarantee holds against the true
system dynamics, the robust guarantee is with respect to the
disturbance policy induced by the learned value function, 7q.
While this yields a weaker theoretical guarantee, in practice,
the learned disturbance closely approximates the true worst
case due to the min-max optimization in training. This result
generalizes Theorem III.1 to the robust setting; when D =
{0}, the disturbance vanishes and the guarantee reduces to
Theorem III.1.

C. Obtaining Safe and Performant Value Function and Policy
from Vy

Following the no-disturbance case, we obtain the value func-
tion Vp(t,x) via the epigraph optimization problem described
in Equation (21). States that violate this constraint are unsafe
and assigned infinite cost. As before, we solve this using a
binary search over z. The resulting policy is:

mo(t,x) = argminmax (VV(t,2%), f(&",u, d)), (34
where 2* = [z,2*]7, yielding a policy that balances safety
and performance. Similarly, the resulting induced disturbance
policy is given by:

ma(t,x) = arg max min (VV(t, &%), f(&",u,d)), (35)

D. Performance Quantification

As in the no disturbance case, we conduct a conformal
prediction-based performance quantification step that provides
a probabilistic upper bound on the error between the value
function and the value obtained from the induced policy. The
following theorem formalizes our approach:

Theorem IV.2 (Performance Quantification Under Induced
Disturbances). Consider a system where the induced value
Sfunction V,(0,x) is obtained by rolling out the learned safe
and performant control policy g (from (34)) against its induced
disturbance policy mq (from (35)). Suppose S* denotes the safe
states satisfying Vy(0,z) < oo (or equivalently Vy(0,7*) <
6) and (0,2;)i=1,... N, are Ny iid. samples from S*. For a
user-specified level oy, let 1) be the W&M

Vo(0,2;)—Vir, (0,24
of the scores (p; := [Vo( ré /9( z )l)i:L,,_,Np on the N,

state samples. Select a violation parameter €, € (0,1) and a
confidence parameter (3, € (0,1) such that:

-1
> (Z\Z'fp)%(l — )T < By

=0

th quantile

(36)

where, | = | (N, + 1)ap]|. Then, the following holds, with
probability 1 — 3,:

P |V9(0,$2) —VM(O7LL‘¢>|
reS* Cm(m

where Cyp,qz Is a normalizing factor and denotes the maximum
possible cost that could be incurred for any x € S*.

Szb) >1—¢,. (37)

The proof is available in Appendix VII-D. Algorithm 4
presents the steps to calculate v using the approach proposed
in this theorem.

Interpretation of the robust performance bound: The
performance bound 1 quantifies the discrepancy between the
learned value function and the rollout cost under the learned
disturbance policy. Since 74 is derived from the trained value
function (rather than being the true worst-case adversary),
the bound characterizes performance degradation against the
learned adversary. This result generalizes Theorem II1.2 to the
robust setting; when D = {0}, it reduces to Theorem I11.2.

E. Numerical Simulations

We evaluate the proposed framework under disturbances
and partial model uncertainty using representative numerical
simulation studies.

FE. Efficient and Safe Boat Navigation under Model Uncertainty

We revisit the boat navigation task and extend it to explicitly
account for model uncertainty. The system dynamics are given
by
Tp . up +2 — O.5y§ +d;

T = , T = 38
[yb] [ ug + do (38)

where [u1,us] denote the control inputs and [dy, ds] rep-
resent exogenous disturbances acting along the xz, and 1y
directions, respectively. The control inputs are constrained to
the admissible set U = {[u1,us] € R? | [|[ug,u2]|| < 1},
while the disturbances are assumed to be bounded such that
D = {[d1,ds] € R? | |d;] <0.1,0.2},4 € {1,2}.

To study the impact of disturbance modeling on safety and
performance, we train three separate value functions: one
assuming nominal dynamics without disturbances, and two
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Fig. 8: Trajectories from two different initial conditions are shown for value functions trained under varying disturbance levels and evaluated
in simulation with different disturbance magnitudes. (a) Evaluation disturbance d = 0.0. (b) Evaluation disturbance d = 0.1. (c) Evaluation
disturbance d = 0.2. The results indicate that policies trained with disturbance levels greater than or equal to those encountered during
evaluation exhibit improved safety, highlighting the importance of learning robust value functions for maintaining safety under uncertainty.
Additionally, policies trained with disturbance levels exceeding those present in the environment exhibit increased conservatism, although the
performance degradation remains modest. These results demonstrate that the proposed framework can synthesize safe policies for uncertain

environments without substantial performance loss.

corresponding to different disturbance magnitudes. Each value
function is then evaluated across all three disturbance settings,
allowing us to assess both safety rates and task performance
under matched and mismatched disturbance assumptions.

Tables I summarize the safety and performance of the
learned value functions under varying levels of disturbance.
When trained under nominal dynamics (d = 0), the value
function achieves perfect safety in the disturbance-free setting
but exhibits a progressive degradation in safety as the evalu-
ation disturbance increases, indicating limited robustness to
unmodeled uncertainty.

In contrast, value functions trained with nonzero disturbance
bounds demonstrate improved generalization. Training with
d = 0.1 preserves safety under matched and lower disturbance
levels and partially mitigates safety degradation under higher
disturbances. Notably, the value function trained with the largest
disturbance bound (d = 0.2) maintains 100% safety across all
evaluation settings, suggesting that incorporating worst-case
disturbance assumptions during training leads to more robust
safety preservation.

This increased robustness is accompanied by a modest
increase in mean task cost, reflecting more conservative
behavior. However, the cost increase remains gradual across
disturbance levels, indicating that robustness is achieved
without a substantial loss in efficiency. This trend is clearly
illustrated in Figure 8. Overall, these results highlight a
clear trade-off between conservatism and performance, and
demonstrate that disturbance-aware value synthesis improves
safety generalization under uncertainty.

Safety Guarantees and Performance Quantification: To
evaluate the validity of the safety guarantees in the robust
setting, we conduct an ablation study comparing safety rates
with and without adjusting the value function using the J-

levels obtained from the CP-based safety verification pro-
cedure. Consistent with the previous disturbance-free boat
navigation study, we set Ny = N, = 300k, ¢, = 0.001, and
Bs = 10710, The verification procedure is performed under
the same disturbance bounds used during training. As shown
in Table II, adjusting the value function using the computed
d-level improves the observed safety rates relative to the case
without safety verification. While the guarantees in the robust
setting apply only to the policy-induced value of states, unlike
the stronger guarantees on the true state values obtained in the
non-robust setting, the results demonstrate that the verification
step still provides meaningful improvements in safety rates.

We also quantify performance on the robust value functions
trained under the three disturbance scenarios, obtaining -
levels of 0.137, 0.139, and 0.143, respectively. These results
indicate that disturbances do not substantially increase training
difficulty and that the proposed approach learns value functions
that maintain strong performance under disturbances.

G. Pursuer Vehicle tracking an Uncertain moving Evader

Next, we consider a tracking problem in which a pursuer
aims to track an uncertain moving evader. The pursuer dynamics
are given by

T, =vcosO, y,=0vs8in0, U=wu;, O =uy, (39)

where (z,,,) denote the pursuer position, v its speed, © its

heading, and w;,us are bounded control inputs. The evader
dynamics are modeled as

jjesze_‘_dla yezvye+d27

(40)

Uge = dvh i)ye = d'u2;

where (., y.) denote the evader position, (vge, vye) its velocity
components, and d; and d,; represent bounded disturbances



Evaluation Disturbance

Training Disturbance J-Level d=0 d=0.1 d=0.2
Safety Rate 1 | Mean Cost | Safety Rate 1 | Mean Cost | Safety Rate 1 | Mean Cost |
d=0.0 0.000 100 % 2.88 89 % 2.99 80 % 3.15
d=0.1 —0.018 100 % 2.97 100 % 3.10 88 % 3.19
=0.2 —0.028 100 % 2.96 100 % 3.14 100 % 3.28

TABLE I: Safety rate (%) and mean task cost for the boat navigation case study under varying disturbance levels. A notable trend is
that the safety rate remains at 100% when the evaluation disturbance is equal to or smaller than the disturbance used during training, but
decreases when the evaluation disturbance exceeds the training disturbance. Additionally, increasing the training disturbance does not lead to
a substantial increase in the mean task cost, suggesting that the proposed robust training framework improves safety without significantly

degrading task performance.

Training Dist. w/o CP w/ CP

d=0.0 100%  100%
d=0.1 8%  100%
d=0.2 95%  100%

TABLE II: Safety rate (%) with and without conformal prediction
(CP) correction. Each row reports the safety rate evaluated at its
respective training disturbance level.

capturing uncertainty in the evader model. The disturbances
are assumed to satisfy |di[, |d2| < 0.18,|dy1], |dv2| < 0.08,
corresponding to approximately 20% of the respective state
bounds.

We train two value functions: one assuming nominal evader
dynamics without disturbances, and one incorporating the distur-
bance bounds above. For evaluation, we simulate environments
under three disturbance settings: zero disturbance (d = 0),
the nominal disturbance bounds (denoted dist), and twice the
nominal disturbance magnitude (2 dist, corresponding to 40%
of the state bounds). Each value function is evaluated over
trajectories initialized from 1000 randomly sampled initial
conditions.

Figure 9 illustrates that the robust policy adapts more
effectively to uncertainty in the evader’s behavior compared
to the non-robust policy. This improved adaptability results in
more consistent tracking performance, thereby demonstrating
the effectiveness of the robust policy in uncertain environments.
Table III summarizes the safety and performance of the
learned value functions under increasing levels of evader model
uncertainty. When trained without disturbances, the value
function achieves perfect safety under nominal conditions but
exhibits a progressive degradation in safety as the disturbance
magnitude increases, indicating limited robustness to modeling
errors in the evader dynamics. In contrast, incorporating
disturbance bounds during training substantially improves
safety generalization, maintaining near-perfect safety under
matched disturbance conditions and significantly higher safety
under amplified disturbances. This robustness is achieved
with a modest increase in mean task cost, reflecting more
conservative tracking behavior. Overall, these results demon-
strate that explicitly modeling evader uncertainty during value

Trained with dist. Trained w/o dist. . Evader
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Fig. 9: Trajectories from two distinct initial conditions are shown for
value functions trained with and without disturbance in the evader
model. The policy derived from the robust value function effectively
adapts to the evader’s erratic behavior arising from model uncertainty
and successfully maintains tracking. In contrast, the non-robust policy
exhibits limited adaptation, resulting in less effective tracking and
consequently higher tracking costs.

synthesis improves safety preservation under both expected
and unforeseen disturbance levels.

Safety Guarantees and Performance Quantification:
Similar to the robust boat navigation case study, we perform
an ablation study to examine the effectiveness of the proposed
safety verification scheme. As in the disturbance-free evader
tracking experiment, we set Ny = N, = 300k, ¢; = 0.01,
and B, = 107'°%.The results in Table IV show a trend
consistent with the boat navigation case study: applying safety
verification leads to higher safety rates. This observation
further demonstrates the effectiveness of the proposed CP-based
verification scheme, even in the presence of disturbances.

In addition, for performance evaluation, we obtain -levels
of 0.136 and 0.141 for the disturbance and disturbance-free
settings, respectively. These results indicate that the proposed
robust training strategy, when coupled with the CP-based safety



Evaluation Disturbance

Training Setting J-Level d=20

d = dist d =2 x dist

Safety Rate 1 | Mean Cost | Safety Rate 1 | Mean Cost | Safety Rate 1 | Mean Cost |

—0.04
—0.06

100.0 %
100.0 %

1.65
1.81

No disturbance
With disturbance

88.6 %
99.2 %

1.70
1.81

83.8 %
92.4 %

1.78
1.86

TABLE III: Safety rate (%) and mean task cost for the evader tracking case study with and without evader model uncertainty. A notable
trend is that the safety rate remains high when the evaluation disturbance is equal to or smaller than the training disturbance, but decreases
when the evaluation disturbance exceeds it. Additionally, increasing the training disturbance does not lead to a substantial increase in the
mean task cost, suggesting that the proposed robust training framework, when trained with high disturbance values, improves safety without

significantly degrading task performance.

w/o CP w/ CP

97.6% 100.0%
94.8% 99.2%

Training Dist.

No disturbance
With disturbance

TABLE 1IV: Safety rate (%) with and without conformal prediction
correction for the pursuer-evader tracking case study. Each row reports
the safety rate evaluated at its respective training disturbance level.

verification scheme, enables the synthesis of value functions
that achieve both strong safety rates and high performance.

V. HARDWARE EXPERIMENTS

To validate the proposed robust framework’s applicability for

real-world deployment, we apply it to a real hardware testbed.

Specifically, we deploy the pursuer-evader tracking task, where
a pursuer must track a moving evader while avoiding circular

obstacles, mirroring the simulation setup in Sections III and IV.

The experimental setup is shown in Fig. 10.

We use two customized TurtleBot3 Burger platforms (138 x
178 x 192 mm, 1 kg each), fitted with mecanum wheels to
enable omnidirectional motion (Fig. 10). Each robot is identified
by a colored top: the blue robot serves as the pursuer, and
the yellow robot serves as the evader. The pursuer operates
under unicycle dynamics with state [x,,y,, v, ©]T, controlled
by linear acceleration (u1) and angular velocity (us), consistent
with the model described in Section III. The maximum linear
speed is 0.22 m/s and the maximum angular velocity is
2.84 rad/s. The evader operates under point-mass dynamics with
state [Te,Ye, Uze, Vye]” , controlled by velocity inputs (v, vy)
with a maximum speed of 0.22 m/s; the mecanum wheels
allow it to realize point-mass dynamics directly. The global
positions and orientations of both robots are measured using a
PhaseSpace™ motion capture system at a tracking frequency
of 960 Hz, with two LED markers placed on the front and
rear of each robot for state estimation. Velocities are obtained
via finite differencing of the position measurements, filtered
using a low-pass filter to reduce noise.

The robust auxiliary value function Vp is trained offline
using the evader disturbance bounds described in Section IV,
together with additional disturbance bounds on the pursuer
states, |dg, |, |dy,|,|d,| < 0.2 and |de| < 7/5. These limits
correspond to approximately 20% of the respective state

bounds and are introduced to account for potential modeling
inaccuracies in the pursuer dynamics. The resulting value
function is subsequently used for online policy inference,
with the policy executed in a receding-horizon manner, as
described in Section III-G, enabling effective tracking of the
evader over time horizons longer than those used during
training. At each control step, the current state estimate is
transmitted to an offboard PC, which evaluates the learned
policy g via (34). The resulting control commands are sent
to the robots at a frequency of 100 Hz, with policy inference
taking approximately 2 ms per step, well within the 10 ms
control period. The experiments are conducted in a cluttered
environment with obstacles of average size 0.25 m. The
evader follows pre-planned trajectories that pass near obstacles,
creating challenging tracking scenarios that stress both the
safety and performance of the deployed policy. We evaluate the
policy from 10 distinct initial conditions to assess repeatability.

Across 10 experimental trials, the pursuer consistently tracks
the evader while satisfying all safety constraints, resulting in a
100% safety rate and a mean tracking error of 3.67 m. Figure 11
presents two representative trials. As illustrated, the deployed
robust policy produces smooth, non-conservative trajectories
that closely follow the evader, even in the presence of nearby
obstacles, which is consistent with the behavior observed in
simulation. We attribute the effective sim-to-real transfer to
two factors: (i) the use of a disturbance-aware value function,
which provides inherent robustness to modeling inaccuracies,
sensor noise, and actuation delays not explicitly modeled during
training; and (ii) the high control frequency (100 Hz), which
mitigates discretization effects. These results demonstrate that
the proposed framework can be deployed on physical robotic
systems in real time, and that the robust formulation introduced
in Section IV is instrumental in bridging the sim-to-real gap
for safety-critical autonomy.

VI. CONCLUSION AND FUTURE WORK

In this work, we introduced a physics-informed machine
learning framework for co-optimizing safety and performance
in autonomous systems. By formulating the problem as a state-
constrained optimal control problem (SC-OCP) and leveraging
an epigraph-based approach, we enabled scalable computation
of safety-aware policies. Our method integrates conformal



Fig. 10: Hardware experiment setup for the pursuer-evader tracking task. Two customized TurtleBot3 Burger platforms fitted with mecanum
wheels are used: the blue-topped robot (pursuer, unicycle dynamics) tracks the yellow-topped robot (evader, point-mass dynamics) while
avoiding box-shaped obstacles. The dashed lines indicate representative trajectories of the pursuer (blue) and evader (yellow). Global
localization is provided by the PhaseSpace” motion capture system, and policy inference is performed on an offboard PC that sends control

commands to both robots in real time.

Fig. 11: This figure presents two representative trajectories obtained
from the hardware experiments. The pursuer adapts to the evader’s
erratic motion and maintains successful tracking, demonstrating the
robustness of the proposed approach to disturbances encountered
during sim-to-real transfer and its potential for real-world deployment.

prediction-based safety verification to ensure high-confidence
safety guarantees while maintaining optimal performance.
Through multiple case studies, we demonstrated the effec-
tiveness and scalability of our approach in high-dimensional
systems. In future, we will explore methods for rapid adaptation
of the learned policies in light of new information about the
system dynamics, environments, or safety constraints. We will

also apply our method to other high-dimensional autonomous
systems and systems with unknown dynamics.
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APPENDIX

VII. PROOFS
A. Proof of Theorem III.1

Theorem III.1 (Safety Verification Using Conformal Prediction) Let Ss be the set of states satisfying Vg(O, %) <6, and
let (0,%;)i=1,...n, be N; iid. samples from S;. Define ¢ as the safety error rate among these N, samples for a given
d level. Select a safety violation parameter €; € (0,1) and a confidence parameter 35 € (0, 1) such that:

-1
> (%)62(1 — €)o7 < B,

i=0
where | = | (Vs + 1)as]|. Then, with the probability of at least 1 — 3, the following holds:

P (V0@ <0) 21—

Proof. Before we proceed with the proof of the Theorem (III.1), let us look at the following lemma which describes split
conformal prediction:

Lemma 1 (Split Conformal Prediction [33]). Consider a set of independent and identically distributed (i.i.d.) calibration
data, denoted as {(X;,Y;)}" ;, along with a new test point (Xies, Yiest) Sampled independently from the same distribution.
Define a score function s(z,y) € R, where higher scores indicate poorer alignment between x and y. Compute the
calibration scores s1 = s(X1,Y1),...,8, = s(X,,,Y,,). For a user-defined confidence level 1 — a, let ¢ represent the
[(n+1)(1 — a)]/n quantile of these scores. Construct the prediction set for the test input Xy as:

C(Xtest) = {y : S(Xteslay) < qA}
Assuming exchangeability, the prediction set C(Xi.) guarantees the marginal coverage property:

P(Kest S C(Xtest)) Z 1 — Q.

Following the Lemma 1, we employ a conformal scoring function for safety verification, defined as:

5(X)= max V3,(0,2),VZ € S;,
i€{l,---,nr}
where S5 denotes the set of states satisfying 179(0, %) < ¢ and the score function robustly measures the alignment between the
induced safe policy and the auxiliary value function.
Next, we sample N, states from the safe set S5 and compute conformal scores for all sampled states. For a user-defined error

rate « € [0, 1], let ¢ denote the (NSN#)ath quantile of the conformal scores. According to [34], the following property holds:

N <) o B
@gsg (ng (#;,0) < q) Beta(N, — 1+ 1,1), (41)
where [ = [ (N5 + 1)a].
Define FE as:

Es = P (Vfre ('inO) S (j) .

TEeSs
Here, E; is a Beta-distributed random variable. Using properties of cumulative distribution functions (CDF), we assert that
E, > 1 — ¢, with confidence 1 — 3, if the following condition is satisfied:

Lo (N=1+1,1) < B, 42)
where I (a,b) is the regularized incomplete Beta function and also serves as the CDF of the Beta distribution. It is defined as:
1 x
Li(a,b) = ——— [ t* 711 —t)"tdt
(@) = g | a0

where B(a, b) is the Beta function. From [35](8.17.5), it can be shown that I (n — k, k+ 1) = S2% (Mai(1 —z)" "

i=1 \i
Then (42) can be rewritten as:
-1

> (N)u —e)V < B, (43)

=1



Thus, if Equation (43) holds, we can say with probability 1 — 3, that:

P (V‘fre (#:,0) < cj) >1—e,. (44)

Z€S5

Now, let £ denote the number of allowable safety violations. Thus, the safety error rate is given by ay = ]\’;"’_&1. Let g represent

the (N'*]J\r,&th quantile of the conformal scores. Since k denotes the number of samples for which the conformal score is
positive, the (N*"]T]&th quantile of scores corresponds to the maximum negative score amongst the sampled states. This implies
that ¢ < 0. From this and Equation (44), we can conclude with probability 1 — 3, that:

B (08 <0) 21-c

From Equation (4), it can be inferred that ¥ (¢, ), V(0,4;) < Vi, (4, 0). Hence, with probability 1 — f,, the following
holds:

B. Proof of Theorem II1.2

Theorem II1.2 (Performance Quantification Using Conformal Prediction) Suppose S* denotes the safe states satisfying
Vy(0,2) < oo (or equivalently Vp(0,2*) < 6) and (0, x;)i=1,..,n, are N, ii.d. samples from S*. For a user-specified
level a,, let ¢ be the W&Mth quantile of the scores (p; := |V9(0,wic)7—vw (o’m)‘)izl ,,,,, ~, on the N, state

samples. Select a violation parapmeter €, € (0,1) and a confidence parameter (8, € (0,1) such that:

-1
Z (Ai]p) ep(1 - )"t < By

=0
where, | = | (N, + 1)a,]. Then, the following holds, with probability 1 — 3,:

[Vo(0, i) — Vi, (0, )|
< >1—c¢€,.
weﬁg* ( Chrnax - w 21 “p

where ()4, is a normalizing factor and denotes the maximum possible cost that could be incurred for any x € S*.

Proof. To quantify the performance loss, we employ a conformal scoring function defined as:

Vo(0,2;) — Vi, (0, z;
o) = W0z Ve 0.

where the score function measures the alignment between the induced optimal policy and the value function.
Next, we sample [V, states from the state space S* and compute conformal scores for all sampled states. For a user-defined
error rate o, € [0, 1], let ¢ denote the (N”;\r[& quantile of the conformal scores. According to [34], the following property
p

holds:
P (|V9(075€Z) _Vﬂe(0=$i)|
TeS* Cnaz

Vo e §*

< w) ~Beta(N,—1+1,1),

where [ = [ (IVp + 1)y .
Define E,, as:

Ep ) ("/H(O’xl) _Vﬂ'e(o7xi)| < w) )

TES* Cmax
Here, E, is a Beta-distributed random variable. Using properties of CDF, we assert that E,, > 1 — ¢, with confidence 1 — f3, if
the following condition is satisfied:
Lie,(Np =14 1,1) < B, (45)

where I.(a,b) is the regularized incomplete Beta function. From [35](8.17.5), it can be shown that I,(n — k,k + 1) =
Sk (M)a(1 — 2)" . Hence, Equation (45) can be equivalently stated as:
-1
Np\ 4 —i
Z ( ip> (1—6)" ™ <5, (46)

i=1



Thus, if Equation (46) holds, we can conclude with probability 1 — 3, that:
p (Littiz) = Vo 0.2)

TeS* Cma:r

§w>216p.

C. Proof of Theorem IV.1

Theorem IV.1 (Safety Verification Under Induced Disturbances) Consider a system with the induced rollout cost ‘A/;re
evaluated under both the learned control policy 7y and the induced disturbance policy 74, as defined in (31). Let S5 be
error rate among these N samples for a given ¢ level. Selé&t a safety violation parameter ¢ € (0,1) and a confidence
parameter S35 € (0,1) such that:

-1
> (fﬂei(l — &)t < s, (47)
1=0

where [ = | (N5 + 1)as]. Then, with the probability of at least 1 — 5, the following holds:

1A ) <0) > 1 —e,.
B (VM(O,xz)_O)_l € 48)

Proof. The proof follows the same conformal prediction framework as the proof of Theorem III.1, but now operates under
dynamics subject to bounded disturbances d € D.

In the robust setting, the learned auxiliary value function Vp induces both a control policy 7y and a disturbance policy g4
via Equations (29) and (30), respectively. The rollout cost is computed under both these policies simultaneously, as defined in
Equation (31):

Vi (t, &) = max {C(t,2(t), u,d) — z,

max, g(z(s))}

u=myg,’
d=#q

We employ the disturbance policy 74 derived from the learned value function as the adversarial disturbance during rollouts.
We note that 4 is the worst-case disturbance with respect to the learned value function, and may not coincide with the true
worst-case disturbance. Exhaustively searching over all possible disturbance sequences (e.g., |D|T sequences for T time steps)
is computationally infeasible. Therefore, the conformal guarantee provided here is with respect to the learned policy’s value
Sfunction ‘A/;re rather than the true value function.

Following Lemma 1, we define the conformal scoring function for safety verification as:

s(&) = Vi, (0,2), Vi€ Ss.

We sample N, i.i.d. states from Ss and compute conformal scores for all sampled states. For a user-defined error rate

a € [0,1], let § denote the Wth quantile of the conformal scores. By [34], the following holds:

P (Vz,(0,4) <) ~ Beta(N, —1+1,1),
ZESs
where [ = [ (N5 + 1)a].
Defining E, := ]P’S (V;Te (0,3;) < q) and proceeding identically to the proof of Theorem III.1 (via the regularized incomplete
TESs

Beta function and its binomial representation), we obtain:

-1
3 (N,S)ega —e)V <8 = P (Ve (0,8 <) 2 1-c,

i €S
i=0 °

with probability at least 1 — (.

Setting a5 = ]’\§++11, where k is the number of states for which the conformal score is positive, ensures ¢ < 0 (as in the

non-robust case). Consequently:

B (Vﬁa(o,f;i) < o) >1 e,



D. Proof of Theorem 1V.2

Theorem IV.2 (Performance Quantification Under Induced Disturbances) Consider a system where the induced value
function V., (0,x) is obtained by rolling out the learned safe and performant control policy 7y (from (34)) against
its induced disturbance policy mq (from (35)). Suppose S* denotes the safe states satisfying Vo(0,2) < oo (or
equivalently V4(0,2*) < 6) and (0,2;)i=1,...,n, are N, i.i.d. samples from S*. For a user-specified level oy, let 9
be the W&Mth quantile of the scores (p; := |v9(o,x%—vﬂ9 (O’xi)l)izlw’NP on the N, state samples. Select a

violation parampeter €p € (0,1) and a confidence parameter 3, € (0,1) such that:

1—1 N 4 .
Z ( ,p)e;,a — )T < B, (49)

- (3
=0

where, [ = [ (N, + 1)ay,]. Then, the following holds, with probability 1 — 3,:

Vo (0, i) = Vry (0, i)
Cras

where C,,q, 18 a normalizing factor and denotes the maximum possible cost that could be incurred for any x € S*.

P
TeS*

< w) >1- ¢, (50)

Proof. The proof mirrors that of Theorem II1.2, adapted to account for the presence of disturbances.

In the robust setting, the induced value function V;, (0, ) is obtained by rolling out the system under the learned policy g
(derived from the robust auxiliary value function via Equation (34)) against the learned worst-case disturbance policy 74 from
Equation (30).

We define the conformal scoring function for performance quantification as:

(o) = |V9(O,xi)c— Ve (0,0)|

where the score function measures the discrepancy between the learned value function and the value realized under the induced
policy against the learned disturbance.
We sample NN, i.i.d. states from S* and compute conformal scores. For a user-defined error rate v, € [0, 1], let ¢ denote the

%m quantile. By [34]:

Vr € §*,

P (|V9(vaz) — V‘ffe (Oa xl)l

reS* Cm,am S w) NBeta(Np_l—’—l)Z)’

where [ = [ (Vp + 1)y .
Defining £, :== P (‘Ve(o’wi)_v"“’(o’wi)‘ < w) and proceeding identically to the proof of Theorem III.2 via the regularized

. a;eS.* max
incomplete Beta function:

Il—ep(Np - l + 17l) S 6;07

which, using the binomial representation from [35](8.17.5), gives:

-1

Z <J\i[p> ep(1 =€)V ™" < By

i=0
Thus, with probability 1 — 3,:

P
TeS*

(IVe(Oaﬂfi) = Vi (0, 2)]

Cmaw = w) = L >

E. Relationship between «, (3, and ¢

The work [34] states that a smaller number of samples leads to greater fluctuations in the conformal prediction calibration,
meaning that if we redraw N samples and repeat the conformal prediction process, we might get a different calibration result.
This variance decreases as N increases.Similarly, in our work, a small N means that the value correction term § might fluctuate
each time the verification algorithm is executed. Therefore, to ensure a stable estimate of &, it is desirable to select a sufficiently
large value of N.

Figure 12 presents the o — € plots for varying numbers of verification samples N and different values of 3. From the figure,
we observe that as IV increases, the effect of S diminishes, and the curve approaches the o = € line. Ideally, the user-specified



N = 1k N = 10k N = 100k
1.00 1.00 1.00

W o.50 W o.50 W o.50

0.00 0.00 0.00
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00

a a a

Fig. 12: This figure shows the a-€ plots for different numbers of verification samples, N, and different values of 3.

safety error rate (o) should closely match the safety violation parameter (¢) while maintaining high confidence (1 — /3 close to
1). Thus, selecting a larger N enables a smaller 5 while ensuring the alignment of « and e. Conversely, if NV is small, one
must either compromise on the confidence parameter 3 or accept that o will be lower than e, resulting in a more conservative
upper bound on the safety rate.

VIII. ADDITIONAL DETAILS THE SYSTEMS IN THE EXPERIMENTS

In this section, we will provide more details about the systems we have used in the experiments section III.

A. Efficient and Safe Boat Navigation

The states, x of the 2D Boat system are z = [z1, IQ]T, where, x1, x5 are the x and y coordinates of the boat respectively.
We define the step cost at each step, [(¢,z), as the distance from the goal, given by:

[(t,2) = |l — (1.5,0)7]|

The cost function C(t,z(t)) is defined as:

C(t,z(t),u) :/tTl(t,x(t))dt + ¢(z(T)) (51)

where T is the time horizon (2s in our experiment), [(¢,z(t)) = ||z(¢) — (1.5,0)|| represents the running cost, and ¢(z(T)) =
||z(T) — (1.5,0)T|| is the terminal cost. Minimizing this cost drives the boat toward the island.
Consequently, the (augmented) dynamics of the 2D Boat system are:

# =wu +2— 0.523
.fQZUQ

z=-l(t,x)

where w1, us represents the velocity control in 2y and zo directions respectively, with u? +u3 < 1 and 2 — 0.52% specifies the
current drift along the x;-axis.
The safety constraints are formulated as:

g9(z) == max (0.4 — ||z — (—0.5,0.5)",
0.5 — [lz — (-1.0,-1.2)7)) (52)

where g(x) > 0 indicates that the boat is inside a boulder, thereby ensuring that the super-level set of g(z) defines the failure
region.

1) Ground Truth Comparison: We compute the Ground Truth value function using the Level-Set Toolbox [13] and use it as
a benchmark in our comparative analysis. To facilitate demonstration, unsafe states are assigned a high value of 20 instead of
00. The value function in this problem ranges from 0 to 14.76.

As illustrated in Figure 13, the value function obtained using our method closely approximates the ground truth value function.
Notably, the unsafe region (highlighted in yellow) remains identical in both cases, confirming the safety of the learned value
function. Furthermore, the mean squared error (MSE) between the two value functions is 0.36, which is relatively low given
the broad range of possible values.
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Fig. 13: Heatmap of the value function for the ground truth (left) and our method (right). The yellow region represents the unsafe area. Our
method successfully captures most of the safe set, indicating that it is not overly conservative while completely recovering the unsafe regions.

It is also worth mentioning that computing a high-fidelity ground truth value function on a 210 x 210 x 210 grid using the
Level Set Toolbox requires approximately 390 minutes. In contrast, our proposed approach learns the value function in 122
minutes, achieving a substantial speedup. This demonstrates that even for systems with a relatively low-dimensional state space,
our method efficiently recovers an accurate value function significantly faster than grid-based solvers.
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Fig. 14: This figure presents a comparative analysis of the relationships between e-3, a—d, and empirical safety violation rate—§. As observed,
the empirical safety violation consistently remains below the theoretical bound, thereby supporting our theoretical guarantees. Furthermore, as
€ decreases, the corresponding § approaches zero, indicating that the learned value function incurs negligible safety violations.

2) Empirical Validation of the a-f3-¢ relationship and calculation of safety levels: We conducted an experiment to empirically
validate the theoretical relationship between «, 3, and e. The results are presented in Figure 14. The figure visualizes the
relationship between theoretical and empirical safety metrics across varying levels of 4, and includes the following elements:

k+1

o Safety error rate (o, purple line) as a function of different  levels. Computed on the calibration dataset as o = I

where k is the number of allowable safety violations and N is the number of calibration samples.

o Theoretical safety violation probability (e, orange line) as a function of §. Derived using the theoretical relation in Equation
(14).

o Empirical safety violation probability (green points) as a function of 6. Computed by sampling 3M initial states from the
0-sublevel set of the learned value function, simulating rollouts, and measuring the observed safety violation rate. This
serves as a practical estimate of system safety.

For this experiment, we set N = 300k and 3 = 1071°. As shown in the figure, the empirical violation rate remains consistently
below the theoretical bound (€) across all values of . This demonstrates that our method provides conservative and valid safety
guarantees, confirming the soundness of the theoretical relationship in practice.



Additionally, from the ¢ vs € plot, we can observe that the ¢ level approaches 0 as the € values approach the chosen safety
level of 0.001. Hence, we say that the sub-level set of the auxiliary value function, V (¢, Z) is safe with a probability of
1 —0.001 = 0.999.

B. Pursuer vehicle tracking an evader

The state,  of a ground vehicle (pursuer) tracking a moving evader is « = [z, Yp, ¥, O, Ze, Ye, Uze, vye]T, where, z., Yo, v, O
are position, linear velocity and orientation of the pursuer respectively, Ze, Ye, Vze, Vye are the position and the linear velocities
of the evader respectively. We define the step cost at each step, (¢, ), as the distance from the goal, given by:

1(t, @) = [[(2p(8), yp ()" — (we(t), ye(t))" |
and the terminal cost is ¢(z(T)) = ||(zp(T), yp(T))T — (ze(T), ye(T))T||. The cost function C(t,z(t)) is defined as:

C(t,2(t),u) = /t Tl(t,x(t))dt + 6(2(T)) (53)

where T' is the time horizon (1s in this experiment). Minimizing this cost aims to drive the pursuer toward the evader.
Consequently, the (augmented) dynamics of the system is as follows:

Zp, =vcos(0), y,=vsin(0®), v=uy, ©O=uy,

Te = Vgey Ye = Vye, VUge = 0, rUg.;e =0, z= 7l(t,117),

where u; represents the linear acceleration control and ug represents angular velocity control.
The safety constraints are defined as:

g9(z) == max (0.2 — ||z — (0.5,0.5)"],0.2 — ||z — (—0.5,0.5)"(,0.2 — ||z — (0.5, —0.5)",
0.2 — [l = (0.5, =0.5)"],0.2 — ||z — (0.0,0.0) ")

which represents 5 obstacles of radius 0.2 units each.

C. Multi-Agent Navigation

A multi-agent setting with 5 agents. The state of each agent i is represented by z; = [Zq,, Ya,, Zg,, Yg; ], tries to reach its
goal while avoiding collisions with others. (z,,,yq,) denote the position of the ith agent, while (x,,,y,,) represent the goal
locations for that agent. We define the step cost at each step, I(¢,x(t)), as the mean distance of each agent from its respective
goal, given by:

1t 2(1)) = 2=t ().t <t>5T — (24, (8), 55 (0)7

The cost function C(t,z(t),u) is defined as:

C(t, 2(t),u) = /t Tl(t,x(t))dt + o(2(T)) (54)

where 7' is the time horizon (2s in this experiment). Minimizing this cost aims to drive each agent towards its goal. Consequently,
the (augmented) dynamics of the system is as follows:

i'ai = uli»Vi € {172737415}; yai = u2iaVi € {132737475}; ‘,tgi = O,V’L € {172;37475}
g, = 0,¥i € {1,2,3,4,5}; 2= —I(t,x)

where u1;, us; represents the linear velocity control of each agent 7. The safety constraints are defined as:

g(l’(t)) = i,jér?ﬁ.}i5}, (R - ||($ai ) yai)T_ (:'Eaj ) yaj )T”) (55)
i#]

1) Comparison of Multi-Agent Navigation with baselines: Figures 15, 16, and 17 illustrate the trajectories obtained by the
baseline methods for the Multi-Agent Navigation problem. It can be observed that the trajectories obtained by MPPI and
MPPI-SF are highly conservative, implying that these methods prioritize safety to mitigate potential conflicts among agents. In
contrast, the policy derived from SAC-Lag fails to maintain safety, resulting in agent collisions. This indicates that as system
complexity increases, the baseline methods tend to prioritize either safety or performance, leading to suboptimal behavior
and safety violations. Conversely, the proposed approach effectively co-optimizes safety and performance, even in complex
high-dimensional settings, achieving superior performance while ensuring safety. The visualization of the trajectories can be
found on the project website: https://tayalmanan28.github.io/robust-piml-soc/.
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Fig. 15: Snapshots of multi-agent navigation trajectories at different time instances using MPPI. The trajectories indicate that the agents
adopt a highly conservative strategy to prevent collisions. Consequently, this leads to a reduction in performance, as the agents end up
very far from their respective goals.
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Fig. 16: Snapshots of multi-agent navigation trajectories at different time instances using MPPI-NCBF. The observed trajectories demonstrate
suboptimal behavior similar to that of the MPPI policy. Consequently, this results in high-performance costs, indicating its inability to
effectively co-optimize safety and performance.

IX. IMPLEMENTATION DETAILS OF THE ALGORITHMS

This section provides an in-depth overview of our algorithm and baseline implementations, including hyperparameter
configurations and the cost/reward functions used in the baselines across all experiments.

A. Experimentation Hardware

All experiments were conducted on a system equipped with an 11th Gen Intel Core i9-11900K @ 3.50GHz x 16 CPU,
128GB RAM, and an NVIDIA GeForce RTX 4090 GPU for training.

Hyperparameter Value
Trade-off parameter (\) 100
Planning Horizon 20
Softmax Lambda 200
No. of Rollouts 8000

TABLE V: Hyperparameters for MPPI Baselines

Hyperparameter Value

Network Architecture Multi-Layer Perceptron (MLP)
Number of Hidden Layers 3

Activation Function Sine function

Hidden Layer Size 256 neurons per layer

Optimizer Adam optimizer
Learning Rate 2 x 1075
Boat Navigation .
Number of Training Points 65000
Number of Pre Training Epochs 50K
No. of Training Epochs 200K
Pursuer Vehicle Tracking Evader .
Number of Training Points 65000
Number of Pre Training Epochs 60K
No. of Training Epochs 300K
Multi Agent Navigation .
Number of Training Points 65000
Number of Pre Training Epochs 60K
No. of Training Epochs 400K

TABLE VI: Hyperparameters for the proposed algorithm
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Fig. 17: Snapshots of multi-agent navigation trajectories at different time instances using SAC-Lag. The trajectories indicate that agents
demonstrate less conservative behavior compared to MPPI and MPPI-NCBF, but they lead to collisions. These safety violations are

critical and cannot be disregarded, further highlighting the limitations of the baseline methods in simultaneously optimizing safety and
performance.

Parameter Value
Policy Architecture Multi-Layer Perceptron (MLP)
learning rate 3x 1074
buffer size 1,000, 000
learning starts 10,000
batch size 256
Target network update rate (7) 0.005
Discount factor () 0.99
Boat Navigation .
Number of Training Steps 1,000,000
Pursuer Vehicle Tracking Evader .
Number of Training Steps 2,500,000
Multi Agent Navigation .
Number of Training Steps 1,000,000

TABLE VII: General Hyperparameters of SAC in our experiments

B. Hyperparameters for the Proposed Algorithm

We maintained training settings across all experiments, as detailed below:

C. MPPI based baselines

For all the experiments we consider the MPPI cost term as follows:

Cuppr = C(t, z(1), u) + Amax(g(z), 0) (56)

where, A is the trade-off parameter, C(¢,x(t),u), g(x) are the cost functions and safety functions as defined in Appendix VIII.
Table V lists the hyperparameters we have used for MPPI experiments in all the cases:
D. SAC-Lag hyperparameters

For all the experiments, we consider the reward term as follows:

RSAC»Lag = - C(tv LL‘(t), ll) - ]Ig(w)>0 X (100) (57)
+ Ti¢t,2(4))<0.1 X (100)

where, C(t,z(t),u), g(z) are the cost functions and safety functions as defined in Appendix VIII. Table VII provides the list
of hyperparameters we have used for SAC experiments in all the cases.
E. PPO-Lag hyperparameters
For all the experiments, we consider the reward term as follows:
RPPO—Lag = - C(ta l‘(t)7 u) - Hg(z)>0 X (100) (58)
+ Lit,z(t))<0.1 % (100)

where, C'(¢t,z(t),u), g(x) are the cost functions and safety functions as defined in Appendix VIII. Table VIII provides the list
of hyperparameters we have used for PPO experiments in all the cases.



Parameter Value

Policy Architecture Multi-Layer Perceptron (MLP)
learning rate 3x 1074
buffer size 1,000, 000
learning starts 10,000
batch size 256
Target network update rate (7) 0.005
Discount factor (v) 0.99
Boat Navigation .
Number of Training Steps 1,000,000
Pursuer Vehicle Tracking Evader .
Number of Training Steps 2,500,000
Multi Agent Navigation .
Number of Training Steps 1,000,000

TABLE VIII: General Hyperparameters of PPO in our experiments

Parameter Value
Policy Architecture Multi-Layer Perceptron (MLP)
Batch Size 128
Target KL Divergence 0.01
Entropy Coefficient 0.0
Reward Discount Factor () 0.99
Cost Discount Factor (vy¢) 0.99
GAE Lambda () 0.95
Cost GAE Lambda (\.) 0.95
Critic Norm Coefficient 0.001
Penalty Coefficient 0.0
Conjugate Gradient Damping 0.1
Conjugate Gradient Iterations 15
Actor Hidden Sizes [256, 256]
Critic Hidden Sizes [256, 256]
Critic Learning Rate 0.001
Boat Navigation .
Number of Training Steps 10,000,000
Pursuer Vehicle Tracking Evader .
Number of Training Steps 25,000,000
Multi Agent Navigation .
Number of Training Steps 10,000,000

TABLE IX: CPO Hyperparameters from OmniSafe Configuration used for our experiments

FE. CPO hyperparameters

For all the experiments, we consider the reward term as follows:

Ropo = —C(t,z(t),u) + L 2(1))<0.1 x (100) (59)

where C(t, z(t),u), g(x) are the cost functions and safety functions as defined in Appendix VIII. For the CPO implementation,
we have used the training settings used in [37]. Table IX provides the list of hyperparameters we have used for CPO experiments
in all the cases.
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